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Abstract. We consider the one-dimensional Stark- Wannier type operators 

d 2 
H = — — 7 -Fx-q(x) + v(x), F > 0, 
ax 1 

where q is a smooth function slowly growing at infinity and v is periodic, v G Li(T), 
with the Fourier coefficients of the form (In |?t,|) _/? , 0</3< |, as n — > oo. We show 
that for suitable q and F the spectrum of the corresponding operator is purely 
singular continuous. This proves the sharpness of the a.c. spectrum stability result 
obtained in [16]. 
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1. Introduction 
In this paper we consider the following operators on 



d 2 
H = — —r-Fx-q(x) + v(x), F>0, (1.1) 

dx z 

K> ! where q is a smooth function slowly growing at infinity: 

%'■ 

\q {k \x)\ < c < x > a ~ k , a<l, k = 0,1,2, 

< x >= (1 + x 2 ) 1 / 2 , and v is periodic, t)(x + 1) = v(x), v E Li(T), 

/ dxv(x) = 0. (1.2) 

The spectral properties of this model have been extensively discussed in both 
mathematical and physical literature, see [1-5, 7, 10, 15-17] and references therein. 
If v — the spectrum of H is purely absolutely continuous: 

a(H) = a ac (H) = R. (1.3) 

It is known that the spectrum of (1.1) remains absolutely continuous and covers the 
whole axis under rather weak smoothness requirements on the potential v. In fact, 
(1.3) can be proved for v G H S (T), s > 0, see [7, 17]. On the other hand there are 
examples of very singular periodic perturbations such as an array of 5' potentials 
for which the spectrum has no a.c. component or even is pure point, see [2,3, 15]. 
It was argued by Ao [1] that the spectral nature depends on the gap structure of 



the periodic perturbation. He conjectured that if the size of the n-th gap behaves 
as n~ a the spectrum is pure point for a < (at least for "non-resonant" F) and 
continuous for a > 0. In the critical case a = 0, which corresponds to a comb 
of 5 function potentials, a transition from pure point to continuous spectrum is 
expected as F grows (see also [9, 14] for related phenomena in the random setting). 
Furthermore, the spectral nature in this critical case seems to depend also on the 
number theoretical properties of F [7]. In [16] the following sufficient condition for 
the stability of the a.c. spectrum was established. 

Theorem 1.1. Suppose that 

uGii(T)nr 1/2 (T). (1.4) 

Then, an essential support of the absolutely continuous spectrum of the operator H 
coincides with the whole axis. 

Condition (1.4) corresponds to a > in Ao language. Some intermediate results 
were obtained in [17]. 

Remark. If v e Li(T) then the essential spectrum of H, a ess (H), fills up the 
real axis: 

a ess (H) = R. (1.5) 

The proof of this fact is a simple compactness type argument, for the sake of 
completeness we outline it in appendix 3. 

The goal of the present paper is to show that the result of theorem 1.1 is optimal. 
We consider operator (1.1) with q(x) = uln < x >: 

d 2 
H = — — t -Fx-Kln< x > +v(x), F>0. (1.6) 

dx z 

To avoid cumbersome general conditions we consider the case where the Fourier 
coefficients of v, v(n) = f Q dxe l27Tnx v(x), satisfy for some no > 2 

v(n)=v (lnn)- p , n > n , v # 0, < f3 < -. (1.7) 

Remark that (1.7) implies 

veC°°(m\z)r)L 1M 

Our main result is the following theorem. 
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Theorem 1.2. For ^ G Q and k ^ the spectrum of (1.6) is purely singular 
continuous. 

Remarks. 

2 

1. If ^r is rational and k = the spectrum of (1.6) is absolutely continuous 
except, may be some discrete set of the eigenvalues, see [7] and also subsection 2.1. 

2. With some extra efforts the methods of the present paper can be made work 



The rest of the paper is devoted to the proof of theorem 1.2. The basis for our 
analysis is the asymptotic constructions of [7] that we combine with the ideas of 
the works [6, 8, 14]. In [7] operator (1.1) with q — and 



v {x) = V^8{x-l) 



was considered. It was shown that the spectral properties of this model can be char- 
acterized by the asymptotic behavior as / — > +oo of the solutions of the following 
discrete system 

il>(l + l) = W(l)il>(l), #)GC 2 , (1.8) 



where 



W{1) = e* rWf73 ,S(Z)e- ir(z)<J3 , det S(l) = 1, (1.9) 

r ( /) = M! + ^-^ sn)-^^ 1 ' 1 rl ~ 1/2 



3F ^ F ' yj ~ I rl- 1 ' 2 1 + dl 



-i ' 



d e R, r e C. 

2 

When applied to (1.6) (with j gQ and k ^ 0) the constructions of [7] lead to 
model (1.8), (1.9) with 

r(i)~ p (E)A l , s(i) = i + o(r 13 ), a>i. 

This system is close to the case of discrete Schrodinger operators with strongly 
mixing decaying potentials and the techniques of [6, 8, 14] can be applied. 

2. Reduction to a strongly mixing model. 

2.1. Some preliminary reductions. 

2.1.1. Prilfer type coordinates. 

To derive the desired spectral properties we study the solutions of the equation 

-ip" - Fxtp - q{x)\p + v {x)\p = Eip, EeR, (2.1) 

the link between the behavior of solutions and spectral results being provided by 
Gilbert-Pearson subordinacy theory [12, 13]. As soon as the a.c. spectrum is 
concerned the whole line operator can be replaced by a right half -line operator with 
some self-adjoint boundary conditions in a point x — R. Indeed, since — -r-? + v is 
bounded from below and —Fx — q — > +oo as x — ► — oo, the spectrum of the left 
half-line operator is discrete. So, the absolutely continuous parts of the whole line 
operator and the right half-line operator are unitarily equivalent and by subordinacy 
theory to prove theorem 1.2 it is sufficient to show that 

(i) for a.e. BeR there exist a solution subordinate on the right; 

(ii) for any E £i there is no solution which is in L2 on the right. 
Recall that a real solution if^i(x, E) of (2.1) is called subordinate on the right if for 
any other linearly independent solution tfj(x,E) one has 

lim /■>l'M*. g >l 2 =ft 



The main part of the paper is devoted to the proof of part (i), (ii) being obtained 
as a simple by-product of our constructions, see proposition 2.1. 

To study the asymptotic behavior of the solutions of (2.1) we employ Priifer 
type transformation which is known to be extremely useful in the cases of small or 
decaying randomness, see [6, 8, 11, 14]. 

First, we perform a Liouville transformation in (2.1), setting for x sufficiently 
large 

1>(x, E) = p- 1,2 Qd(x)), p = (Fx + q + E) 1 ' 2 , ?(x) = p(x, E), 

2 2k 

f = — (Fx + q + Ef /2 - — (Fx + q + E) 1/2 + 0(x~ 1/2 In a;), x -»• +oo. 
3F F 

The resulting function Q satisfies the Schrodinger equation 

-Qtt - Q + -Q = 0, (2.2) 

p 

V = vp- 1 + ±q"p- 3 -^(F + q') 2 p- 5 . 
Let us further apply a Priifer type transformation: 

Q = Rsm$, 



Then R, 9 satisfy 



Q% = Rcos9. 



— \nR= -Vsm29, 
dx 2 

^-0=p-Vsin 2 9. (2.3) 

dx 



It is not difficult to check that 

„N 2 pN 2 r-N 2 

dxifj 2 < / dxp- x R 2 <C 



pN 2 pN 2 pN 2 

/ dxifj 2 < / dxp- x R 2 <C dxtf; 2 , (2.4) 

JNi JNi Jn, 



provided N2 > Ni are sufficiently large: Ni > C. 

The constants C here and below are uniform with respect to E in compact 
subsets of K. but may depend on q and v. 

2.1.2. Reduction to a discreet system. First we are going to analyse R along a 
sequence x = xi, where x\ = [x~i] — 1/2, x\ being defined by the relation 

Fx L + q(xi) + E = ix 2 (l-- 



Lemma 2.1. For x G [xi,xi + i], v G Li(T) and any < v < | one /ias t/ie 
following inequalities 

dy X i(y)e 2 ^v(y)\ < c^H + \\v\\ Ll(J) ), 



■n 



,r, 



eft/e 2 ^(y)(l - X l(y))\ < c{r\vi\ + \\v\\ Ll{J) ). 

Here X i(x) = x(l~ 1+v (x - Xfi), X e C °° , X (s) = x(s), 

,, / 1, ifN<l, 
I if |s| >2, 

X; solves the equation 

FXi + q(Xi)+E = n 2 l 2 . 

See appendix 1 for the proof. 

It follows immediately from lemma 2.1 and (2.2) that for x G [xjjXj+i], and any 
OGL^T) 



dye 2ie(y) g{y) = e 2l ^ Xl > \ dye 2 ™g(y) 



X 

-2i J dye 2 ^V(y) sin 2 6(y) J* dse 2 ^g(s) = Oil 1 ' 2 ) ||o|| Ll(T) , <p = 9 - £. 



'y 

XI 



(2-5) 
Here and below the constants in O(-) are independent of the choice of initial condi- 
tions in (2.1), uniform with respect to E in compact subsets of R, but may depend 
on q and v. 

Consider the expression In R ( \ ■ By (2.2), (2.3) and lemma 2.1, 

l n |g) I im J fdye^vp- 1 ) + 0(/" 4 ) = ^ im ( e 2 ^(*.) L ye 2 ^ 
"77)2 re ( / dye 2l ^v(y) sin 2 %) T rfse 2l ^ s ^(s) J + 0(Z" 3 / 2 ), (2.6) 



V'/ 



which means in particular that 

m|g = o ( rn (2 .7) 

Therefore, if we control R(xi, E) we will have sufficient control for all x. 
It follows from lemma 2.1 and (1.2), (2.5) that 



d ye 2l ^ v) v{y) / dse 2l ^ s) v(s) 



/,„,.„„/«,„„„.», 



l/2> 



(2A 



XI 



XI 



re / ' dye~ 2i ^ y) v(y) f dse 2l ^v(s) = - 

xi 



dye 2i ^v(y) 



X, 



■xi 



dye 2Mv)+™(y) v (y) I dse 2l ^ s) v(s) = -e 4l ^ x ^ ( f dye 2l ^v(y)) +0(l 1 ~^). 



We use 7 as a general notations for universal positive constants, they may change 
from line to line. Combining (2.6), (2.8) one obtains 



- w ^ im h M 7*^ <,,ofe) ) + s?p If +1 dye2mv) 



v(y) 



+ 



1 



8vr 2 / 2 
In a similar way, 



re 



Xl 



r J '- (r ' ! ( / "" 1 dye 2i ^ y) v{y) 

xi 



+ o(r 



-i—j\ 



Xl + l 



<p(xi +1 )-<p(xi) = -Te\ J dye^vp- 1 \ +0(r 2 ) 



Xl 



Xl + l 



2nl 



re e 



2l ^ Xl) / dye 2ii v 



Xl 



1 



8tt 2 / 2 
where 



lm 



"v^ / dye 2 *Mv(y) 



Xl 



4tt 2 / 



2;2 



im/j^ + OCr 1 -^, (2.10) 



X; + 1 Xi + 1 

Ii{E) = ! dy I dse 2i{ -^-^v{s)v{y). 

xi y 

The basic properties of // (E) are described by the following lemma. 
Lemma 2.2. For v G Li(T), Ii(E) admits a representation of the form 

I l (E)=l l (E) + 0(l 1 -^), l^oo, 

where 1i{E) is a C 1 function of E, satisfying the estimates 

ME)=0(l), ^l l (E) = 0(l). 



(2.9) 



(2.11) 



The proof of this lemma is given in appendix 1. 

To derive a closed system for R(x{), 9{x{) we need the following refinement of 



!„„,„,„ O 1 



Lemma 2.3. Let v G L\(Y) and satisfy 

\v {k \n)\ <C<n>~ k , k = 1,2,3, (2.12) 



where 



Then, 



where 



v( k )(n) = v( k -V(n) - v^-^in - 1), v^ = v. 



Xl+1 1/2 

J dye 2 ^v(y) = e 2 ^vr f^\ v(l) + t l+1 - t, + 0(1^) 



wj = — g^- + 7T/(«'ln/ + £') + - ; 

« = -=-, F 



F 7 F 

{ti} is a bounded sequence: \ti\ < C . 

See appendix 1 for the proof. 

Representations (2.9), (2.10) together with above lemma give: 

R(xi) V21F V y >) AlF V w 

+ _L|0(/)| 2 + ^imfe 2 ^ a; '+ 1 )^-e 2l ^4Vo(/- 1 - 7 ), (2.13) 

4tF 2n \ I + 1 I y 

¥>(*,+!)- ¥>(*,) = - ? l=re(e 2 ^ +2 ^)0(/)) - ^ im (e 4 ^ +4 ^V(/)) 

' imJ z (F) + — re fe 2iv ' (a "+ 1 >^--e 2i ^ a! ')y > ) +0(n 1 ^'). (2.14) 



4tt 2 P v 7 2tt V ^ + 1 i. 

Assume now that — 6Q: 

F g 
We will consider R(xi), <p(xi) along the subsequence / = qk. Set 

F(/c) = R{x k q), 0{k) = (f(Xkq). 

Then R, dp solve the system: 



, R(k+1) . ( 2l Q 

In — ^ = im e 



(k)+^(k) b ^\ + i re / 4in(fc)+4i#(fc) 6 2 (ife) 



fl(fc) V x V 2 

+ iKjfc)|» + _L im U(W)^+i) _ e a# W ^ + 0(fc -i- 7) (2 _ 15) 



Cp(k + i) _ ^(jfe) = re ^ e 2in(fc)+2i#(fc) 6(A .^ _ 1 im ^n (fc)+ ^( fc ) 6 2 (A , ) 

-&!(£;) -imJ fc (£) 

1 ' o 2iy(fc+l) ^?0+l) 2iy(fc)^fc\ n(h -i- 1 , 



+ _ K eW l,^_ e . W ^ +0(A ,_ i _ 7) _ (216) 

Here 

ft(fc) = 7rfcqf(£' + K'lii(fc?))> 

1 1 

&(*0 = ~l^pFjV(qk)w(s(k)), 6i(/c) = ^-£|i)(fcg)| imu;i(s(fc)), 

s(As) = irfi(ife) = nq(E' + k' + k' ln(fcg)), 



«-l 



ffl ( S ) = e™/ 4 Ve- 2l, f r+2l 5 r , 



E< 

r=0 
g — 1 r— 1 

wi{s) = y. e i^i y^ e 9 i q 1 ) it g > 1, 

r=l ri=0 

and i«i(fc) = if g = 1, 

(fc+i)«-i 

« E »=sw £ I,(£) ' 

£=fcg 

2.1.3. Case of k = 0. 

In this case (2.15) gives for X2 > -^1 sufficiently large 

l n 5M = im | ^W^^)^) J + Ire ( J2 e ^E' q k+^(k) b 2 {k) 



Consider the second sum 



\k=K 1 J \k=K 1 

if 2-1 

2 



1 if 2-1 

+ ^ E \Kk)\ 2 + 0(Kp)- (2-17) 



if 2 -i 

^ e 4iirE' qk +4if(k) b 2^ (218) 

fc=ifi 



Summing by parts, one gets 

if 2 -i 



(2.18) = _^. Elq _ 1 J2 e ^ E qk [e 4mk+1) b 2 (k + 1) - e 4l ^ k) b 2 (k) 



\ V^ p 4inE'qk 

k=K x 

+0{K~ 1/2 ) = 0(K; 1/2 ), (2.19) 



„.; J„J O Z7V„ --/ r7 



In a similar way, one has 

k 2 -i 

y^ e 2i7rE'qk+2if,(k) b f k \ 
k=K x 

1 K 2 -l 

k=K x 

K 2 -l 



Ir^ J2 \b(k)\ 2 + 0(K- 



e -2iriE' 

k=K x 



In particular 

'K 2 -i \ , k 2 -i 



J2 e 2inE> q k+2i<p{k) b ( k )\ =-\Y. \ b ( k )\ 2 +°( K l l/2 )- (2-20) 

Combining (2.17), (2.19), (2.20), 

B(AT,) 

This means that there exists 

lim R(k) = -Roo, < -R^ < 00, 

k — >+oo 

which together with (2.4), (2.7) allows to conclude that any solution ip of (2.1) 
satisfies for sufficiently large N 

Cti^N 1 / 2 < / cfa#| 2 < C 2 (ip)N 1 / 2 , 
Jo 

with some constants Ci(ip), Czty) depending on ij). Therefore, for 2E'q ^ Z all 
solutions have the same rate of Li norm growth as N — »■ +00, and there is no 
subordinate solution on the right. By Gilbert- Pearson theory [12, 13], this implies 
that the singular continous spectrum of H is empty, the point spectrum is contained 
in the set {E : 2E'q G Z} and 

E ac (H) = R. 

Notice also that for k = 0, H is unitary equivalent to H + F. 
2.2. Case k^O: reduction to a model system. 

2.2.1. Adiabatic regime. 

Since s(k), b(k), b\{k) are slowly varying functions of k equations (2.15), (2.16) 
can be treated adiabatically except for relatively small vicinities of the stationary 
points K m defined by the equation 

0' I is \ — „l ts \ _™ „„ <- n> 



10 

which means 

K m = AA m , A = e^, A=-e~ El ^ L . (2.21) 

Q 

For the sake of definiteness we will assume that k > 0. So, it is the limit m — > +oo 
that we will be interested in. 

We are going to study R(k), <p(k) along the subsequence k m , k m = [k m ], where 
k m solves the equation 

s(k m ) =7r(m- -). 

Define 

K m = [K m ], K m = [K m ±Kl-\ 

where < rj < | to be fixed later. 

First we consider the intervals J^, J~ = [k m ,K m ], J+ = [K m ,k m+ i\. Clearly, 
for k G J' U J+, 

(1) (A;) = Q(k) - Q(k - 1) = s(k) + Oik' 1 ) 

satisfies 

I-, _ -2in( 1 >(fc), > CjK -n 

| J- O | ^_ KJ J-^ m , 

provided m is sufficiently large. 

Let us rewrite (2.15), (2.16) in the form 

ln £(^2 + 1) = .(y 2in(k)+2i$(k) b , k) ] + I re ( y e 4in(fc)+4^(fc) fe2(jfe) 



k 2 1 
+ E ol^)| 2 + 0(K^), (2.22) 



e 4»fi(fc)+4»^(fc) & 2/ fc \ 



^(i^+l)-^) = re ( ]T e 2ifi(fc)+2^(fc) 6(A .) j _ 1 im ( f] 



X 2 if 2-1 

E 6i(fc) " E imi ^ S ) + °(^ 7 ), (2-23) 



[Hfi, K2] C J m U J+. Consider the sum 



if 2 

E e 2in(fc)+2 ^ (fc) 6(A;) (2.24) 

fc=ifi 



Summing by parts one gets 

if 2 



(2.24) = E e2tn(k) 

k=K 1 



(e -2iClW(k)_ 1) -l e 2iv(k) b(k) \ +Q{K -1/2+m 



11 



K 2 K 2 

i ^ |^)| 2 (e" 2,sW -l) _1 +* Yl e 4 ^«+ 4 ^«6 2 (A;)(e- 2ls «-l)- 1 



k=K x 



k=K 1 



K-z 



_j_ V^ e 2ifi(fc)+2*£(k)&(fc) ^ e -2ia(fc+l) _ -^-1 _ ( e -2ia(k) _ -^-lA + 0(K~ 1/2+v ). 

(2.25) 



k=K 1 

The last sum in (2.25) can be estimated as folows. 

K 2 



V^ e 2iQ(k)+2i0(k) b r k \ fr e -2is(k+l) _ -j_\ — 1 _ (g-2is(fc) _ ^-A 



fc=K 1 



< 



K 2 ( f K 2 \ 

C V A;- 3 / 2 |e- 2iS « - 1|" 2 < C / c^" 3 / 2 ^" 2 ^ - 1|" 2 + K~ 3 / 2 +^ 
k= Kl \ Jk * J 



Next we consider the sums 



K 2 



< CK~ l / 2+ \ 



y^ e un(k)+<Li<f>(k)ff k \ 



(2.26) 



(2.27) 



k=K 1 



where k m < K x < K 2 < k m+u and /(A;) is either 6 2 (/c)( e - 2in<1) ^- 1 )-l)- 1 or b 2 (k). 
If K l7 K 2 satisfy k m + K^ < K x < K 2 < K~ or K+ < K x < K 2 < k m+1 - K^ 
then 

|l_ e -4i" (1) (fc)|>Ctf-". 

Proceeding in the same way as in (2.25) one gets 

/ k 2 
|(2.27)| <C Yl (k~ z ' 2 \\e- 2i8 ^ -1\- X \e- Us ^ -l^ 1 

\k=K 1 

+ k- 2 \e~ 2ls ^ - ll" 3 + k- 2 \e~ Us ^ - 1\- 3 ) + K~ 1+2 A 



<C\ I (h w 



f K2 dyy~ 2 (|e" 2ls ^ - 1|" 3 + \e~ Us ^ - 1|" 3 ) + K^' 2+ A 



< CK- 1 ' 2 ^. 

On the other hand if k m <Ki<K 2 <k m + K^ , or k m+1 - K^ < K x < K 2 < 
k m+ i, then 

K 2 

o 4iVL{k)+4i<p{k) f ( ^ _ n( if-r]\ 



J2 e^ LW+ ^ w f(k)=0(K- ri 



Therefore, one has 



k=K x 



K 2 

E 



D 4iCl(k)+4iif>(k) 



f(k) = 0(K 



m ) i 



(2.28) 



12 



for any K\, K 2 such that [Ki, K 2 ] C X m Ul+. 
Combining (2.23), (2.24), (2.26) we get 

K 2 K 2 

^2 e 2Ui(k)+2if{k) b ( k } = • ^2 \b(k)\ 2 (e- 2ts{k) - l)" 1 + 0(K" 7 ). (2.29) 



k=K x k=K x 



Representations (2.15), (2.16), (2.26), (2.27) allow to conclude that for any Ki, K 2 , 

[k 1 ,k 2 ]gj-uj+ 

ln i?(K 2 + l) = 

R{K X ) m J V ' 

1 K 2 K 2 

<p(K 2 + l)-<p(K 1 ) = -- Y, \b(k)\ 2 cot s(k) - J2Mk)+imI k (E)) + 0(K-^. 

k=K x k=K x 

(2.31) 
The sums in the r.h.s. of (2.31) allow some further simplifications. One has 

K 2 

J2 \b(k)\ 2 cot s(k) 

k=K x 

in I 2 r K * 



%2/-V(*(y)l 2 (M^))" 2/3 cot s (y) + o(K; 



2^ y^ 

/•s(K 2 ) 

= \b Q \ 2 ds\w(s)\ 2 (s -s )" 2/3 cot s + 0(K" 7 ), (2.32) 

•A»(tfi) 

where 

6 = -^^" 1/2+/3 , ,* = *««', S =*«(£' + «'). 

V2Fq 
In a similar way, 

K 2 rs{K 2 ) 

V 6i(A:) = |6 | 2 / dsim Wl (s)(s-so)- 2f3 + 0(K-^ 

k= Kl -M^O 

(2.31), (2.32), (2.33) give 

<p{K~) - <p(km) = -!^L| W (7rm)| 2 (7rm - s )~ 2 P In^K^) 

|L 1 2 /-^m 

ds cot s(\w(s)\ 2 (s - s )- 2f3 -\w(7Tm)\ 2 (irm-s )- 2fB ) 



(2.33) 



2 •/ 7 r(m-l/2) 



\b \ 2 / dsim«; 1 ( S )( S - S o)" 2/3 - Yl inih(E) + 0(K-i), (2.34) 

0(k m+1 ) -<p(K+) = l -^\w(nm)\ 2 (nm-s )- 2 ^n(pK-^ 

\fr |2 /•7r(m+l/2) 

dscot s(|tu(s)| (s — so) - — \w(irm)\ (7Tto — so) - ) 



2 / - 

r(m+l/2) 



|6 | 2 / dsimwi^Cs-so)-^- $^ im4(E)+0(K- 7 ). (2.35) 

J Tim l 



fe — A m 
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2.2.2. Vicinities of stationary points. In this subsection we analyse system 
(2.15), (2.16) in the K^ 71 - vicinity of the turning point K m : 

ke5 m , 6 m = [K~, K+]. 

In this vicinity one has 

\K m J 

d m = bow(nm)(imi - s ) _/3 , $o(m) = Cl(K m ) - nmK m , (2.36) 

provided \ < rj < \. By (2.21), 

$ (m)=pA m , 

where 

_E' + K ' 

p = — tck e ^P , 

one can consider p as a new spectral parameter. 
From now on we fix rj in such a way that 



I < ' < \- (2 ' 37) 



Introduce the vectors x(k) G C z 



X (k) = R(k)e mk)(T3 CX °3=(l _°! 



Notice that 



x{k) = e -it(x qk )*s (Qz(£(x qk ))(^) +Q(ax qk ))^ 1 

For k E 6 m , (2.15), (2.16) imply 

X (k + 1) = X (k) + i { W " Q me 2in(k) + 2 mk) ) X(k) + Oik-'Mk) 

= {A {k, m) + A^k, m, X ))x(k), (2.38) 

where 



/i 



1/2 • (k-K m) 2 ( n d p -2»*o(m) 



A) = J+ -^ i^e 1 "-*^-* 8 , D m = z 



K m ) ' m " V-^e 2i *°( m ) 

and 

A 1 =0(K m ~^). (2.39) 

On the interval 5 m system (2.38) can be approximated by the differential equa- 
tion 

d ( V V /2 n iM (fc "^ m)2 ^ 3 /o ^ 

irX = t^ ^™e Xm X- 2.40 
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Set 

x (k)=ip(y), y 

Then (2.40) takes the form 



JL 



1/2 



(k-K r 



d_ 
dy 



i= = D m e iy °*i>. 



(2.41) 



Note that if tp(y) is a solution then aiijj(y) : (7^{y) also satisfy (2.41). Here o\ 

1 

1 
Since d m does not depend on y, (2.41) can be solved explicitely in terms of 

Hermite functions. One checks directly that 



i>{y) 



H Xm (e-™/*y) 
-d m e 2i ^( m )+ i y 2 - i7T / 4 H Xm - 1 (e- i7T / 4 y) 



A., 



Id I 2 



(2.42) 



is a solution of (2.41). Here H\(z) stands for the standard Hermite function: it 
satisfies the equation 

fzz - 2zfz + 2A/ = 0, 



and 



H x (z) = (2z) x (l + 0(z- 2 )), z^oo, 



-7r/2 < argz < 7r/2. 
Let us introduce the matrix solutions \E' ± (y): 



As y — ► +oo, 



tf+(y) = (if>(y),(Tii/>(y)), * (y) = a 3 ^ + (-?/W 



*+(y) = e- 2d ^(2y) A ^ +0(y -i; 



(2.43) 
(2.44) 



uniformely with respect to to sufficiently large. 
The determinat of ^ f± (y) does not depend on y: 

T _l_ *-\d m \ 2 

det ^ ± = e 4 . 
Using \l/ _ one can rewrite full equation (2.38) in the form 

1/2 



x(k) = V (y)a-(k), y 



Krr 



(k - K r . 



fc-i 



a-(k)=a(K-)+ J2 M3,m)a-{j), k>K~ + l, 

-1 



(2.45) 
(2.46) 



A 2 (k,m)= * U + 






1/2^ 



* (y) + 



JL 



1/2 



dy 



*"(y) 



-* y + 






1/2 



+ Ai(fc,m)tf (y) 
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It folows directly from (2.40), (2.41) that 



l* ± l <C, 



cM z 



dy 



<C, 



d 2 q± 



dy" 



<C <y>, ye 



which together with (2.39) implies 

\A 2 \ < CK 1 ^, k e S m . 

(2.46), (2.48) allow to conclude 

\a-(k) — a_(.ftT~)| < CRT" 7 max |a_(/c)|, k G S m , 

ke5 m 

provided (2.37) is satisfied. This means that for m sufficiently large 

\a.(k)-a-(K-)\ < CK-"a-(K-), k E S m , 

In a similar way, setting 

X (k) =V + (y)a + (k), 

one gets 

|a+(A0 - a-{K+)\ < CK-^\a_(K+)\, k e S m . 



(2.47) 



(2.48) 



(2.49) 



(2.50) 



(2.51) 



(2.52) 



Comparing (2.46), (2.51) and taking into account (2.44), (2.47), (2.50), (2.52) we 
obtain 



X 



(K+) = (2^K^ 2 -^ x ^^\0)as^ + (0)as(2^K 1 J 2 -^- x ^x(K 



+0(K-i)R(K-). 
By (2.42) the expression vl/^ 1 (0)03 \I/+ (0)03 may be represented as 

^; 1 (0)a 3 ^+(0)(73 = e- i * o(m)CT3 5(d m )e i * o(m)CT3 , 
H x {0) -e i7r / 4 £#_ A _i(0)\ 



(2.52) 



Clearly, 



-e-™ /4 £#a-i(0) tf_ A (0) 



A=~|^. 



(2.53) 



S(t) 



«(0 r(0 
r(0 *(£) 



« 2 (0-|r(OI 2 = l, 



r(0 = 2e- i7r / 4 + 7r l^ 2 /4 i y A (o)iy A _ 1 (0), s (£) = e"M*' A (\H x (0)\ 2 + \tf\H X -i(0)\ 2 )- 
As a consequence, 

r(d m ) = r «;(7rm)m- /3 (l + O(m- 2/3 )), s(d m ) = l + 0(m" 2/3 ), r = e'^^o, 

^-r(d m ) = Ofm- 1 - 2 ^). 
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(2.52) together with (2.30), (2.34), (2.35) leads to a "closed system" for x{m) 



X(kr 



where 



X(m + 1) = A(m)x(m) + 0(e m7 |x(m)|), 

Mm) = e -«(' J> o(m) + A + (m))cr3^./^\ e -i($„(m) + A_(m))o-3 

A ± (m) = $i(m, p) + <$>f(m, p) + $J(m, p), 



(2.54) 



$i(m, p) 



\d r 



In 



/! 



AK r 



$ 2 (m, p) 



it |2 />7rTn 
On 



7r(m-l/2) 



<iscots(|w(s)| 2 (s - s ) 2/3 - \w(nm)\ 2 (nm - s ) 2/3 ) 



N 



ds imtui (s)(s — sq) 



-2/3 



7r(m-l/2) 



It 12 /•7r(m+l/2) 

$+( m ,p) = ^L / rfscots(|«;(s)| 2 (s-so)" 2/3 -h(7rH| 2 (^^-so)" 2/3 ) 

/•7r(m+l/2) 

+ |&o| 2 / dsimwi(s)(s — so) _2/ ^ 



K ri 



$ 3 (m,p) = - ^ im/ fe (£), 



/C — Km 

k=k rn j t -\ 



$+(m,p) = J^ im I k (E). 



k=K r , 



Note that $i, $ 2 are smooth functions of p satisfying 



|$i(m,p)| < Cm 1_2/3 , 



dp 



$i(m,p) 



9p 



$J(m,p) 



< Cm" 2 ' 3 , 
< Cm- 1 - 2 ^. 



|$*(m,p)| <Cm" 2/3 , 

It follows from lemma 2.2 that 

\*£{m,p)\<C 

|$3±(m, p) - *±(m; p')| < C(A" m + |p - p'|). 
Fix a function <p e Cg°(IR) such that <p > 0, f R dxp(x) = 1. Set 



(2.55) 
(2.56) 

(2.57) 
(2.58) 



$3 ( m > P) = ^m / dytp(K m (y - p))$ 3 (m, y), 



where K m = A x m , 1 < Ai < A to be fixed later. Then (2.58) implies 



I/r±/_ „\ a±/^, „\l ^ /~i „—~im 
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-Q-p^f^P) 



< CAT- (2.59) 

Therefore, one can rewrite (2.54) in the form 

X(m + 1) = A (m)x(m) + 0(e- m ^\ X (m)\), (2.60) 

A (m) = e - ir +M^3 S(d m )e ir - {m ^ , 
where 

T±(m) = pk m + rf (to), rf (to) = $i(m, p) + $±(to, p) + $J(to, p). 

As a simple consequence of (2.60) (=(2.54)) one obtains 
Proposition 2.1. The operator H has no point spectrum. 
Proof. (2.60) implies 

R{k m+1 )>{l-Cm-^)R{k m ). 
As a consequence, one gets 

R{k m ) > C(iP)e- 



-Cm 



Combining this estimate with (2.51), (2.52), (2.30), (2.13), (2.7), (2.4) one can 
check easily that for any solution ip 

N 



da#l > C{^)N'' z e 
o 

Therefore, ip can not belong to L2. I 

3. Analysis of the model system 
In this section we study the model system 

X(m + 1) =A (m)x(m). (3.1) 

3.1. Positivity of the Lyapounov exponent. 

3.1.1. Prufer coordinates for (3.1). We denote by Xa{ m ) the solution of (3.1) 
satisfying 



X a(M )=e^n, ae[0,7r) 



Mq is supposed to be a large fixed number. 
Define the Prufer variables R a (m), <p a (m) by 

X a {m) = R a {m)e^ m >^\ 

They solve 



R i m+l) = \ s (d m ) + r(d rn )e 2ir ^ m k(m)\, (3.2) 



l -re(rl ]T m^ w 2 ^m)e UT ^ m \ 2 {m) J 

\ m =M J 



where 



Note that 



M 
m=l 



(M) = ^m" 2/3 |«;(7rm)| 2 . 



g-l 

w(nm) = w(n(m + q)), y^\w(nj)\ 2 = q z 

3=0 



As a consequence, 

A I 

2/3 



w (M) = g J2 m- 2f3 + 0(1) = ^—M 1 ' 213 + 0(1) 



In R a (m) 

lim T77T- = v 

m^+oo rn 



1-2/3 '*' 



|2, 



where r* — 2 (i-2/3) ■ 

3.1. 2. Estimates of sum (3.5). 

To prove proposition 3.1 we are going to analyse the sums 

M 



(3.3) 
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C(m + 1) = 2< Ar(m) g (<U + f(d m )C(m)e- 2 - r -M 
CM ' s{d m )+r{d m )am)e^ T -^) ' 

where 

Ar(m) = T_ (m) - T+ (m) , CM = e 2 ^° (m) . 

From (3.2) we have 

\nR a (M) = -\r \ 2 n(M)(l + O(n-' y (M))) 

+ re(r JT m" /3 «;(7rm)e 2ir - (m) C(m) J (3.4) 

V m=M () J 



(3.5) 



m=M 

as M — ► +oo. 

Notice also that (3.3) implies 

\(p(m + 1)| < ICpMK 1 + C^ _/? ) + Cm^A™ < Cra^A m . (3.6) 

Next two subsubsections are devoted to the proof of the following result. 
Proposition 3.1. For any a and for a.e. p we have 



Ei(M) = J2 m- f3 w(nm)e 2lT ~^ rn) C(m) 1 (3.7) 
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M 

£ 2 (M) = Y, m- 2f3 w 2 (7tm)e MT - {rn) ( 2 (m) (3.8) 

m=M 

and show that they are o(n(M)). In this part of the paper we follow closely the 
arguments of [6, 8, 14]. We start by a technical lemma, which is essentially lemma 
10.1 of [6]. Consider the sums of the form 

JV 



S N (p) = J2^)fn(L h+n p)g(L h+n p), 



n=0 



where N > 1, h G R, a(n) are real numbers, {f n } G C 1 , ||/ n ||oo < 1, g(y) 
cos(ky + b). We assume 

W\oo<K, 

\k\ + \k\- 1 <K, L>A>1. 



Lemma 3.1. One has 



SUp / dpexp(tS N (p)) < e B(K,A)t 2 AHN) + B(K,A)tQ(N) 
I,\I\=lJl 

N N 

A 2 (N) = $> 2 (n), Q(iV) = X>(n)|(||/;||oo + £"<*+ 



(3.9) 



n=0 n=0 

< t max |a(n)| < 1, 

0<n<N 

the supremum being taken over all intervals id, |/| = 1. 

Here and below B(K, A) are positive constants that depend only on K, A, they 
may change from line to line. 

The proof of this lemma is given in appendix 2. 

Applying (3.9) to sum (3.8) one gets the following result. Fix an interval Id, 

| J | = 1. 

Lemma 3.2. There exist Sq^Ei > 0, such that 

mes{p G / : |E 2 (M)| > M 1 " 2 ^"} < e~ M '\ (3.10) 

provided M is sufficiently large. 

Proof. Let e 4lTl ( m ^( 2 (m) = £, m (p) + iVm(p), m~ 2/3 w 2 (nm) = a r (m) + iai{m), 
im, Vm, a r (m), ai(m) G R. We will prove (3.10) with E 2 (M) replaced by the sum 

M 

J2 a>r(m)Z m (p) cos(4A"», (3.11) 

m=M 

the others cases being similar. We break sum (3.11) into two parts: J2m = 

Y1,m + Em ' wnere 1 ^ Mi < M to be specified later. The first sum can be 
estimated trivially 

Mi 

J2 a rMU(p) cos(4A» = O{Ml~ 20 ). (3.12) 
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Consider the second one. Let L = A, h = M l7 f n (p) = ^ Ml+n (A~( Ml+n) p). Clearly, 
H/nlloo < 1. By (2.59), (2.55), (2.56), (3.6), 



§- p fn( P ) 



<C(M 1 + n)- fB . 
From (3.9), (3.13), one gets for any 5 > 0, t > 0, : 



M 



mes{p el: ^ a r (m)£ m (p) cos(4A m p) > 5} 

m=Mi 



< 



e~ St dpexplt ^2 a r (m)£, m (p) cos(4A m p) 
J i \ ™ i\/f. 



m=Mi 



provided tMj" ^ is suficiently small: 



Choosing t — c 



q 2 tM[ 213 < 1. 



with a sufficiently small constant c one gets 



mes{p G I : | ^ a r (m)£ m (p) cos(4A m p)| > 5} 



M 



m=Mi 



<2exp|-C 



A/ 



provided 

M 

ci 1 J2 m-^<d< Cl M^ Y, m " 4/3 ' 

m=M 1 m=M 1 

for some suitable constant c\. We consider the cases 



1. 0</3<i 

2. i<^<i. 
3 ~ 2 

In the first case we set 

5 = M 1 ~ 2p ~^\ M 1 =M 1 ~^\ 9>0. 
Choose <^j in such a way that 



(3.13) 



(3.14) 



(3.15) 



(3.16) 



(3.17) 



< ci < 0, < e 2 < ^r. 



(3.18) 
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This gives 



m x " ' 



5 -i M i-3/3 ?5Mi -2/3| J- m-^) =0(M--^ 



which means that (3.16) is satisfied provided M is sufficiently large. Combining 
(3.12), (3.15), (3.17) one gets (3.10) with, say, 

so < — , £\ < 1 -3/3. 

Consider the case | < (3 < \. Set 

<$ = Mf, M 1 = M < -\ 0<q<1. 

Then (3.16) is satisfied provided 

1 - 3/3 < ^ 3 < 1 - 2/3. 

As a consequence, one obtains (3.10) for any eo, £i such that 

e < 1-2/3, £i < 1-2/3 -e - 

■ 
Since the right hand sides of (3.10) belong to /i, lemma 3.2 implies immediately 

Lemma 3.3. For any a and a.e. p, 

E 2 (rn) 
lim 2 \ J =0, 3.19) 

provided e < £q. 

3.1.3. Estimates o/Ei(M). 

Consider sum (3.7). Iteration of (3.3) gives 

T 

1i J2 Ar(m+T-s) 

C(m + T) = e s=1 C( TO ) 

J-^ _ 1i J2 Ar(m+T-fc)-2ir_(m+T-s) 

+fo /X m + T — s)~^w(n(m + T — s))e fe=1 

s-l 

S~y _ B 2if: Ar(m+T-k)+2ir_(m+T-s) 

—r 2_.( m + T — s) P w(7r(m + T — s))e fe=1 ( (m + T — s) 

s-l 

+0(m- 2f3 T), 

for any T > 0. Returning to (3.7) one gets for M sufficiently large and T, 1 <C 
T <C M, to be specified below, 

2 r r 



Ei(M) = J2 m- f3 w(nm)e 2tr -^ rn) C(m) 
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M 



m p w(nm)e s=1 ((m — T) 



(3.20) 



m=2T 



T M T 

_^^ 2 l r_(m)-2ir_(m- S )+2i £ Ar(m-fc) 

+rp 2 / m w{ixm)w\ix\m — s))e fe=1 (3.21] 



s = l m=2T 
T M 



-ro 



E _ 2iT^{m)+2iT^(m-s)+2i £ Ar(m-fe) 

2 to p w(Txm)w(iT(m — s))e k=1 ( (m — s) 



s—l m=2T 



(3.22) 



A/ 



+0(T J2 m-^)+0(T 2 - 2 ?). 



--2T 



We choose T as follows: 



InM 
In A 



+ 1. 



Then for the first sum one has the trivial estimate 



Mi 



J2 m-^w(nm)e 2lT - (rn) C( 

m—M Q 



m) 



< CT l - p < CilnM) 1 - . (3.23) 



We next consider sum (3.20) and prove the followng estimate. 
Lemma 3.4. For any positive z satisfying z < 1 — 2/3, one has 



mes{p 6 / : | (3.20) | > M 1 " 2 ^" 2 } < Ce 



CM 



1-2/3-22 



(3.24) 



provided M is sufficiently large. 

Proof. The proof is similar to that of lemma 3.2. Write w(7tm)m~ /3 = a],(m) + 

T 

2i £ Ar(m-s) 

a>i(m),e - =1 ((m - T) = £ m (p) + r/ m (p), a^ra),^ (m),£ (m),r] (to) e R. 

It is sufficient to prove (3.24) for the sum 

M 

£ 4(m)d(p)cos(2A». 

m=2T 

Clearly, one has, 

\a\m)\<Cm-^ |&(p)| < 1, 
Applying (3.9) one gets for t, 5 > 

M 

mes{p G I : | ^ **("»)& (p) cos(2A»| > 6} 



§-/m( P ) 



<C(A m - T m -P + A?). 



--2T 



< 2 exp ( -St + Ct 2 M x -^ + CtA^M 1 - 2 ? + Ct (±f) ) 
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provided 

CT~H < 1. 

This gives 

M 



mes{p e I:\J2 4(™)£m(p) cos(2A"»| > 5} 

=2T 

< 2e~ 



m=2T 

-C5 2 M 2 ' 3 - 1 



-2/3 



provided 5 satisfies 

C(A- T M 1 " 2 ^ + f^\ )<5< CT^M 1 - 

Clearly, 5 = M 1_2/3_2 verifies these conditions. As a consequence, one gets (3.24). 
■ 

Notice that choosing z < ~ - one makes the r.h.s. of (3.24) to be in /i, which 
implies: 

Lemma 3.5. For a.e. p 

(3.20) 
hm — 1 _ 9>q _ = 0, 

provided z < ~ - . 

Consider sums (3.21), (3.22). 
Lemma 3.6. (3.21), (3.22) satisfy for some £o 5 ^i > 0, 

mes{p G I : |(3.21)| + |(3.22)| > M 1 " 2 ^ } < e"^ 1 , (3.25) 

provided M is sufficiently large. 

Proof. Sums (3.21), (3.22) have the following structure 

T M 



/ y t(m, s)ty(m, s)e 



2i(f)(m,s) 
i 



S—\ m=2T 

where 



_ 1% J2 Ar(m-fc) 

t(m,s) — rom p w(irm)w(7r(m — s)), \l/(m, s) — e fe=1 , 

(j)(m, s) = T_(m) — r_(m — s), 
in the case of (3.21), and 

T 

_ 2B 2i £ Ar(m-fc) 

£(m, s) = — row p w(7rm)w(7r(m — s)), \&(m, s) = e fe=1 C (w — s), 

</>(m, s) = r_(m) + r_(m — s), 

t — /o on - ! 
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As in the proof of lemma 3.2 we write t(m, s) = a r (m, s) + ia,i(m, s), \&(m, s) = 
£(m, s) + ir](m, s), a r (m, s), ai(m, s), £(m, s), rj(m, s) EM and prove (3.25) for the 
sum 

T M 

/ y a r (m, s)£(m, s) cos(20(m, s)). (3.26) 

s=l m=2T 

Clearly, 



a, 



.(m,s)| < Cm" 2/3 , |f(m,s)|<l, 



^(m,,; 



< C(A m " s m- /? + A™ 



a r (m 7 s) being independent of p. Break sum (3.26) into two: ^2 2 t = S2T +Em ■ 
where Mi, 2T < Mi < M to be choosen later. For the first sum we have 

T Mi 

J2 J2 a r (m,s)C(m,s)cos(2(P(m,s)) = 0(TMl~ 2f3 ). 

s=l ra=2T 

To estimate the second one we apply (3.9) with L — A, k — 1 ± A _s : 

T M 

mes{p G / : ^^ y^ a r (m, s)£(m, s) cos(2</>(m, s)) > 6} 

s=l m=M 1 

f ( T M \ 

<e * / dp exp I 1 2_] y a r (m, s)£(m, s) cos(20(m, s) J 

^ 7 ^ s=lm=Mi ' 

T / M 

< e~ * 1 [ / dpexp(Tt y^ a r (m, s)£(m, s) cos(20(m, s)) 

s=l \^ 7 m=Mi 

. M M . 

< e" 5t exp ( CT 2 t 2 ^ m" 4 ^ + Ct ]T m" 3/3 ) , 

^ Mi Mi ' 

provided 

CTM~ 2f3 t < 1. 

As a consequence, for J satisfying 

M M 



Mi Mi 



m" 4 ' 3 , 



one has 

T M 



mes{p G / : y^ y^ a r (m, s)£(to, s) cos(20(m, s)) > 5} 



s=l m=Mi 

-c 



<f p ^ Mi 

Therefore, one can get the desired estimate (3.25) by choosing Mi and 5 exactly in 
the same way as Mi and 8 in the proof of lemma 3.2. ■ 
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Lemma 3.7. For any a and a.e. p, 

Ei (to) 
lim — r~oR~z — 5 

for some e > 0. 

This lemma together with lemma 3.3 lead to proposition 3.1. 

3.2. Decaying solutions of (3.1). 

In this subsection we construct a decaying solution to (3.1). Consider the solu- 
tions 

XoM = R (m)^ e _ iipo{m) j, x V2 (m) = VH^-^ /2(m) 

One has 

det(xo(m),Xir/2{jn)) = -2i, 

which means that 

Ro{m)R 7T / 2 {m) 

where £ a (m) = e 2l(,Pa ( - m - ) , a = 0, 7r/2. Applying the results of the previos subsection 
one gets for a.e. p 

Mm) ~ Cn/2(m)\ = e -2r.m 1 - a "(l+o(l)) j m _ +QO _ (337) 

Set 

/ i?o(m) 

«M = ln d — r~\ 

By (3.2), (3.7) i>(to) satisfies 

|u(m+l)-v(m)| <Cm-^|Co(m)-C7r/2(m)| < e -2-*- 1 - 2/3 (i+o(i)). (3.28) 

So, v(to) has a limit Uqo asm^ +00, and 

Hm) - Voo \< e -2r*m 1 - 2 ' 3 (l+ (l))_ (3 _ 29) 

It folows from (3.1) that z(m) = e ^vo(m)- v ^ /2 {m)) satis fi es 

zjjn + 1) _ R {m)R^ /2 {m + l)(s(rf m ) + f(d m )e- 2ir ~^( (m)) 
z(m) R {m + l)R^ /2 {m){s{d m )+f{d m )e-^ T ^^Q /2 {m))' 

Combining this representation with (3.27), (3.28) one gets 

\z(m + l)-z(m)\<e- 2r * ml - 2 ^ 1+ °^K 
This means that z(m) has a limit z^ and 

\ e i<fio(m) _ z e iv? 7r/2 (m)| ^ e -2r,m 1_2/3 (l+o(l))^ (3.30) 

Notice that by (3.27) z 2 ^ = 1. 

Proposition 3.1 and (3.29), (3.30) lead immediately to the following result. 

Proposition 3.2. For a.e p there exists a real constant h (= —z 00 e v °°) such that 
the solution Xo( m ) + ^X-Kj^^m) satisfies 

|xo(m) + h X */2(m)\ < e- r * ml ^ (1+0(1)) , 
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4. End of the proof of theorem 1.2 

4.1. Growing and decaying solutions of (2.60). 

Let us consider the solution Q a of (2.1) corresponding to the following initial 
data: 

Q a {i{x))\ x=XqkM = R a (M)sm (t{x qkM ) + <p a (M)y 
Q?(Z(x))\ x=XqkM = Ra(M) cos (i(x qkM ) + cp a (M) 



where M is sufficiently large number, Xa( m ) = ^a( m )( e -i Va (m)j is a solution of 

(3.1), Xa(M ) = ( e e _T Q ),M bei 
the x(m) corresponding to Q a : 



(3.1), x a (M ) = ( e -i Q ), M being the same as in section 3. We denote by x Q (m 



e iip(k m ) \ / e i(fi(x qkm [ 

e -i0(k m )j = R ( X Qk m )[_ Mxqkm 



X a {m) = R(k m ) [ = R(x qkm ) y _ Mxqkm) . , 



R, <p being the Priifer coordinates associated to Q a 

One has the following proposition. 

Proposition 4.1. For any a and a.e p there exist real constants g\ ^ 0, g\ such 
that as m — ► +oo, 

Xa(m)=g 1 aX a(m)+g 2 a x d (rn) + 0(e-^ m ), 

provided M is chosen sufficiently large (it may depend on p). Here x d (m) is the 
decaying solution of '(3.1) introduced in proposition 3.1: x d (m) = Xo( m ) J rh.Xir/2( m )- 

Proof. x a (m) satisfies 

X a (m + l) = Ao(m)xa(m)+n(m), x a (M) = Xa (M), (4.1) 

where 

\K(m)\<Ce-i m \ X a(m)\. 

We apply to (4.1) the following variation parameter type transformation: 

Xa(rn) = *(m)(/(m), *(m) = (x«(m), X d (m)), 
det\I/(m) 7^ for a.e. p. This transformation brings (4.1) to the form 

g(m+l) = g(m) + n(m), ti(m) = ^ _1 (m)^(m), #(M) = ( J. (4.2) 

Clearly, 
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One can rewrites (4.2) in the form 

g(m+l)=l) + ^K(j), m>M. 

As a consequence, for M sufficiently large, one has 

\g{m) - r J | < Ce" 7M , m > M, 

which, in particular, implies that 

\g(m+l)-g(m)\ <Ce~ im . 
So, as m — ► +00, g(m) has a limit g^ = ( s f ) and 

U 1 _ 1| |„ 2 | < Cp~^ M 
\9a i |) Iflal -^ Ue 

Returning to x a one gets 



Note that g(m) = g(m) : so, #£, are real. ■ 

The decaying solution of (2.60) can be now constructed as follows. Consider the 
solution Q d of (2.2) defined by 

Q d = Q° + h 1 Q n / 2 , 
where h\ = -^- E K. Then the corresponding x(m) has the form 

X(m) = Xo(m) + hxXnfiim), 
and by propositions 4.1, admits the estimate 

x (m) = h 2X d (m)+0(e-^), 
for some constant hi- In particular, 

\x(m)\<e- r * ml - 20 ( 1+ °W\ (4.3) 

Notice also that 

X (M) = xo(M) + hXir/2(M)^0, 

which means that Q d is nontrivial solution. 

We are now able to complete the proof of theorem 1.2. Let Rd and i?j be i?'s 
associated to Q d and Q° respectively. Combining propositions 3.1, 3.2, 4.1 and 

(4.3), (2.52), (2.51), (2.30), (2.13), (2.7) one gets the following result. 

Proposition 4.2. For a.e.p, R^, Ri satisfy 

r N 

/ dx V - x R\ < A rV2 e -M4ioiv) 1 - 2 ' 3 (i+o(i)) 7 
Jo 

Jo 
provided N is sufficiently large. Here /U* = ^lnA) 1 - 2 * 3 • 

This means in particular that for a.e p, Q d is a subordinate solution of (2.2), 



,u:„l, „„„„„"!„+„„ j-U„ („f ii ™ 1 o 
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Appendix 1 

In this appendix we prove lemmas 2.1, 2.2, 2.3. 
Proof of lemma 2.1. First we consider the integral 

j= [ X dyMyy^viiv), 

where ifii(x) stands for either Xl( x ) or 1 — Xl{ x )i x i < x < x i+i, vi(x) = v(x) — 
v(l)e~ 2t ' Klx , v G Li(T), xi being described in lemma 2.1. It admits the estimate 

|«/|<c||v|| Ll (T). (Al.l) 

Indeed, for \x — xi\ < 4, (Al.l) is trivial. For \x — xi\ > 4 we write the integral J 
as the sum 

J =J (0) + J (1) 



j(°) = / dye 2 *M(x(y-xi) + x(y-x)Mv)My), 

J Xl 

j« = / dye 2 ^y\i-x(y- x i)-x(y- x ))My>i(y). 



JXl 

Clearly, 

|</ (0) |<c|H| Ll(T) <c|M| Ll(T) . (A1.2) 

To estimate J^ 1 ' we represent it as the sum 

Cn = f dy(i - x(y - x t ) - x (y - x))^(y)e 2iK(l/) - ,rntf) . 



Xl 



Integrating by parts one gets the representation 

1 f . o.vw„i i /d 1 



<„ = - 5 y *, e *«<»>-»> ^(^p^y I (i - x(« - *.) - xfa - X ))Uv)- 



xi 

p(y) = (Fy + q(y) + E) 1 / 2 , 
which leads to the estimate 

|Cn| < c < n-l >" 2 ,n 7^ /. 

As a consequence, 



|</ (1) |<c|M| Ll(T) . (A1.3) 



Combining (Al.2, Al.3), we get (Al.l). 
Consider the integrals 



J 



i= C dy^^-^il-xiiy)), 
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x 



J2 = / dye 2i ^-^ X l(y). 

Jxi 

Since for \x — Xi\ > d x ~ v ', 

\£(x)-irl\ >r u , 

the integration by parts in the first one gives immediatly 

\Ji\<cl u . (A1.4) 

The second integral can be represented in the form 

j 2 = e 2i( € (x«)-*'*«) f dye <Mi(0(»-^) 3 +i^(0(v-^) 3 Xl ( y ) + 0(/- 3 ^), (A1.5) 
where 

(Al.5) implies directly 

| J 2 | < d 1 / 2 . (A1.6) 

Combining (Al.l), (A1.4), (Al.6) one obtains lemma 2.1. ■ 

Proof of lemma 2.2. First we remark that up to the terms of order 0(l x ' 2 ) the 
expression Ii(E) can be replaced by 11(E), 

x i+i x i+i 



I?(E) = dy dse 2ms) -^ y)) v(s)v(y), 

x* y 

where x ; * defined by 

Fxr+ ? (xr) = 7T 2 (/-i/2) 2 . 

Indeed, one has x\ — x\ = 0(1), which together with lemma 2.1 implies 

I l (E)=If(E) + 0(l 1/2 ). (A1.7) 

To estimate I*(E) we write it as the sum 

If (E)=1?(E)+ 11(E) +I 2 (E)+1?(E), (A1.8) 

1?(E) = \v(l)\ 2 [ l+1 dy [ ' _1 dse 2l ^-t(y)-* l ( s -y)) 

Jx* Jy 

ll(E)= P +1 dy I l+1 dse 2ms) -^ y)) vi(s)My^ 

Jx* Jy 

lf(E) = d(l) [ ' _1 dy f ' +1 dse 2t ^^-^ y)+7Tly) vi(s) 

Jx* Jy 

lf(E) = v(l) r +1 dy [ _1 dseWM-tM-^vrfy) 
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x i+± rv 



= v(l) I dy I d8e 2i ^ v) -^ a) - nly) vi(s). 
Jx\ Jx* 

It follows from (Al.l) that for x\ < y < x* +1 , 

dse 2i ^ s) vi(s)\ <c|M|i. 
J y 

As a consequence, 

\IHE)\<CI, j = 1,2, 3. 



(A1.9) 



'i+i 



(ALIO) 



dX; 



Consider the derivatives -tJt, j = 1, 2. We write them as 



dll 

dE 



x i+i x i+i 



( 



(E)=i dy / dse 2t{ ^-t(y» 



xT y 



V 



jdpp- l ( P: E)- jdpp-\ P: E) 



\ 



vi(s)vi(y), 



dJf 
dE 



x i+i x i+i 



(E) = iv(l) dy d se 2 ^)-4G/)+^3/) 



xT y 



( 



\ 



dpp x (p,E) 



- jdpp-\p,E) 

x * 
Clearly, for x^ <y < x^ +1 one has 



\ 



^( s )- 



dpp ^p.-E) 



<c, 



/ '"'dse 2 ^ / dpp -1 ^, £>;(«)! <c|M|i. 

J v J XT 



As a consequence, 



dZ? 



dE 



<Cl, j = 1,2. 



(Al.ll) 



dXp 



By (Al.9), the same estimate is valid for -^ 

dlf 



dE 



<Cl. 



(A1.12) 



To analyse the expression 2^ we represent it as 

2? = |t)(0| 2 (2? +2? 1 +2? 2 ) 1 

Jf°= P +1 dyxi(y) P +1 dsxi(s)e 2i ^-^-^-y» ., 
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X ; 01 = f X ' _1 dyxi(v) f _1 d«(l - X l(s))e 2i ^-^-^ s - y » ? 

</x* </y 

2f = P +1 dy(l - xi(v)) [* l+1 d8e 2i W-tM-*« a -v». 

JxJ Jy 

Here X jO*0 = x(/" 1+ "(x - Xj)), xi(x) = x(l~ 1+ °(x - X t )), < v < v< 1/2. 
First we consider X ; 02 . Integrating by parts and using (Al.4), (Al.6) one gets 



X 02 = 1 r + 1 rfse 2 l( C( S )-^ S ) + 0(/ -l/2^ 
7T Jxf 



1 [ Xl+1 dye-^(v)-^y) A. ( _J_(1 - X/ (y)) P" cfee^W-*") 

z f x:+1 j 1 ~xi(y) 



= 0(l^)+ l -l dy 



p(y)-Tvf 
Consider the integral 



" + '*if^M (A1.13) 

p(y) - ttZ 



One has 

(41.13) = I / dy+ I dy 



Xi-21 1 u r x i+i \ i 



X t +2l 



1-9 



p(y) - nl 



- i! r dy '-^K og- 



F + q>(Xt) J y-X, 

\y-X l \<2n~- 

Since x is an even function the last integral here vanishs. Therefore, one has 

/ rX L -2l^ r t +1 \ 1 

=l(/r"'~"* + C.->)^ +0(1)=0(1) - 

As a consequence, 

|J ; 02 | ^C/ 1 " 7 . (A1.14) 

Consider J ; 01 . By (Al.4), 

\1^\<C1 1+U - D . (A1.15) 

The expression 2^° admits the representation 

* * 

r.oo_ / j, iC /,a / ^ v 7^>iWW)((s-^) 2 -(!/-^) 2 ) . nr/ 2 -^-^^ 



2™ = / dyxi(y) / dsxi(s)e"* lW ^« fl -^ _u,_A,j J + 0(^ 
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dy X {l~ 1+D y) / ds X {l~ 1+v s)e l ^^ s2 - y2) + 0{l 2 -^- D ) 
Jy 

— oo 

= 2 dy X (l~ 1+i> y)e-^ l{l)y2 ds X (l~ 1+ "s)e^ l{l)s2 +0(l 2 - 4u - i> ). (A1.16) 

Jo io 

At the last step here we used the fact that x is an even function. The expression 
(Al.16) allows some further simplifications 

(Al.16) = ^ + Oil 1 ' 2 ^) + +0{t 2 -^- D ). 
F 

Choosing 

1 1 

one gets 

2f°=^ + 0(i 1 -T), (A1.17) 

or combining (A1.14), (Al.15), (Al.16) 



- 2 l 



2?=|*(0ry + O(i 1 - 7 ), (A1.18) 

which together with (A1.7), (Al.8), (ALIO), (Al.ll), (Al.18) gives the represen- 
tation of lemma 2.2, Ii(E) being given by 

ME) = \v(l)\ 2 ^+ll(E)+l 2 (E)+lf(E). (A1.19) 



Proof of lemma 2.3. Consider the integral 

1 dye 2l ^ y) v{y). (Al.20) 



We break it into three parts 



xi + i rL l +1/2 fXi+i i-L + — 1/2 

dy = I dy + I dy + I dy 

xi J xi JL+-1/2 JL-+1/2 



where L x = [X\ ± I 1 "], < v < 1/2 to be fixed later. We start by estimating the 
two first integrals here. Write them as the sums 

Li +1/2 rX l+1 

dye 2i ^v(y) + / dye 2 ^ {y) v(y) 



xi JL+-1/2 



L~ x ! + 1 -l/2 »+l/2 

E + E ) / dye^»>t;(y). (A1.21) 
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n+1/2 

For \n — Xi\ > Cl l ~ v , the expression J dye 2t ^ y ^v(y) has the form 

n-l/2 



n+l/2 



dye 2l ^ y) v(y) = e 



2i£(n) 



-1/2 



,.1/2 

/ rfye 2 ^' (n)y (l + zrH2/ 2 )^(2/)+0(/- 2 ). (A1.22) 

7-1/2 



Under assumptions (2.12) one has for any integer m, m> 1, k E 

• 1/2 

dye 2lky y rn v{y) = 0{k~ 1 ). 

1/2 

So, the r.h.s. of (Al.22) can be simplified: 

n+l/2 



(A1.23) 



,2i€(y), 



P 2i£(n) 



dye 2l ^ y >v{y) = e zl ^ n >V{n) + 0{l~ z ), V(n) = v 



f(n) 



7T 



-1/2 



u(fc) = J_ 1 , 2 dye 2lk7ry v(y). As a consequence, one obtains 



/ L i x ! + 1 -l/2. 

(41.21) =( Yl + E )e 2 ^ (n V(n)+0(/- 1 ; 

\ i i In r a- / 



c 2i£(LT) V ( L l 



1 _ e -2^d)(L-) 



2,-g(L+-l) ^( L ^) 



e -«»v-i 



1 _ e -2i^(i)(L+) 



+e 



2i£(x 



i + 



i _ 1/2) y(s t+1 - 1/2) p2 g(„-i/2) ^ + V 2 ) 



1 _ e -2^(!)(x i + 1 -l/2) 



L l -1 ai+i-i 



1 _ e -2^(i)(x ( + l/2) 



+ ( E + E )e 2 ^V 1 (n) + 0(r 1 ). 



(A1.24) 
(A1.25) 

(A1.26) 



Here 



'n=Xi + l/2 



£ (1) (n) = £(n)-£(n-l), V 1 (n) 



V(n) 



V(n+1) 



l_ e -2iC (1) (") 1 - e -2i?( 1 )(n+l) 



Clearly, Vi(n) satisfies 



|Vi(n)| <C/" 1+2 ", 



Vi(n+1) 



l_ e -2^( 1 )(n) l _ e -2^(!)(n+l) 

So, repeating the procedure one gets 

L--1 x (+1 -3/2 



< C/- 2+ "(sin(p(n))-". 



E + E )e 2l?(n V 1 (n) = 0(/- 1+3l/ ). (A1.27) 
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Consider the expressions (Al.24), (Al.25). The first one may be represented as 

(.41.24) = i^vil v (e^ L ^- 1)+ ^ r " + e i ^ L D-£ l ~ l/ ) + 0(/" 7 ). (A1.28) 

F 

Expression (Al.25) has the form 

(Al.25) = t l+1 -t l + 0(r 1 ), (A1.29) 

where 

ft - r 2^(x,-l/2) VjXl-1/2) 

1 1 _ e -2ie i Hx l -l/2)- 

Clearly, 

|*i|<C. 

Combining (Al.27), (Al.28), (Al.29), one obtains 

(A1.21) = ilvtrfeWt-V+Z 1 -" + e*W-& rv ) 

F 

+t l+1 -U+ 0(r 1+3 n + 0(1-^). (A1.30) 

Next we consider the expression 

L+-1/2 L M n+V2 

/ l dye 2l ^ y) v(y) = Y] [ dye 2l ^ y) v{y). 

n=L t +l n -l/2 

For \n — Xi\ < Cl 1 ~ u , one has 

n+l/2 

dye 2l ^v(y) = e ^{x l )-2iKix le i^{i){n-x l )^ i + (r 3 "). 

n-l/2 

We fix now v in such a way that 

1/4 < i/ < 1/3. 
As a consequence, one obtains 

-L+-1/2 ^i' 



L+-1 



/' dye 2i ^v(y) = e Wi)-™*i V e «)PQ)(n-*<)% + 0(r 

JL7 + 1/2 ._ . 



■ 7 \ 



'Lr+i/2 

( ' n=L, +1 

= e 2it(x l )-2i*ix l ~ i dye^ l{l){y - Xl)2 +0{r 1 ). (A1.31) 

^Lf + l 



The integral in the r.h.s may be represented as 



-i^,/" (e 2 *^) + e 2 W+iA + o(/"T). (A1.32) 



r^„™U;„; — , / A i on\ / A i oi \ / A i on 1 ! „„j-„ i„„„™„ o o 



35 

Appendix 2 
Here we prove lemma 3.1. The proof is based on the nequality: 

e z <l + z + Bz 2 , (A2.1) 

valid, say, for \z\ < 1. By (A2.1), 

/ dyexp(tS N (y)) < X N {t), X N (t) = f dyX N (y,t), (A2.2) 



X N (y, t) = J] C 1 + ts n{v) + Bt 2 s 2 n (y)) : 

n=0 

s n (y) = a(n)f n (L h+n y)g(L h+n y), 



provided 



t max \a(n)\ < 1. (A2.3) 

0<n<N 



We represent X^it) as follows 

X JV (t) = X JV -i(t) + (I) + (II), 

(I) = Bt 2 a 2 (N)JdyX N - 1 (y,t)f N (L h+N y)g 2 (L h + R y) 



(II) = ta(N)C(t), C(t) = J dyX N - 1 (y,t)f N (L h+N y)g(L h+N y). 
For (I) one has the obvious estimate 

\(I)\<Bt 2 a 2 (N)X N _ 1 (t). (A2.4) 

Consider expression (II). One can write C(t) in the form 

C(t) = C 1 (t) + C 2 (t), 

C x (t) = JdyX N _ 1 (y,t)f N (L h+N y) 

x(g{L h+N y)-J i dtg{L h + N o) 
C 2 {t) = Qf dfr(L h+ "o) (^J i dyX N _ 1 (y,t)f N (L h + N y) 

9(L h+N y)- jfdfc(L h+JV = *'(*), 

where /i = at the end points of I. Clearly, 

\[dtg(L h+N t) <2KL~ h ~ N , 



Let 
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\h{y)\<AKL- h - N , ye I. 
Therefore, 

i2/,m ^ oTST-h-N 



C 2 (t)\ < 2KL~ h - N X N _ 1 (t) : (A2.5) 



\C 1 (t)\<B(K,A)X N _ 1 (t) ( 11^^ + L~ h ~ N tJ2 II*; 

i=o 



JV-l 

II o' || 



^S^AJXjv-iW fll/Nlloo + t^loO")!^"^) • (A2.6) 

Combining (A2.5), (A2.6) one gets 

|(II)| <B(K,A)X N _ 1 (t)t\a(N)\ 

N-l \ 

x iL^-^+ll/JvllooHht^laO-)!^-^ , (A2.7) 

i=o / 

which together with (A2.4) leads to the inequality 

X N (t) < XN-^t) (l + Bt 2 a 2 (N) 

N-l v 

+S(K,A)t|a(iV)|(L- ,l - Ar + ||/^|| 00 +t^|a(j)|^- Ar )). (A2.8) 

In the same way one obtains 

X (t) < 1 + Bt 2 a 2 (0) + B(K, A)t\a(0)\(L- h + ||/Sl|oo)- (A2.9) 

Combining (A2.8), (A2.9) one gets 

, N n-l 

X N (t) < exp (Bt 2 A 2 (N) + B(K, A)(tQ(N) +t 2 ^ ^ |a(n)||oO')l^~ n ) 

V n-l j=0 

< exp ( B(K, A)t 2 A 2 {N) + B(K, A)tQ(N) 
where 

JV JV 

A 2 (N) = $> 2 (n), Q(iV) = £ |o(n)|(L- fc -» + ||/A||oo). 

n=l n=0 
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Appendix 3 

In this appendix we prove the following proposition. 

Proposition A3.1. Let v G L\(T). Then the essential spectrum of operator (1.1), 
a ess (H), fills up the real axis: 

a ess (H)=R. (A3.1) 

Proof. We prove (A3.1) by employing the constructions of [16]. We start by 
replacing the whole line operator by a half-line operator by putting a Dirichlet 
condition at x = R. This is a relative trace class perturbation and it decomposes 
the whole-line operator into the direct sum of two half-line operators. Since the 
spectrum of the left half-line operator is discrete, one has 

a ess (H) = cr ess (Hji), 

for any R G M . Here Hr denote right half-line operator with the Dirichlet condition 

as x — ±t 

(H R ij;)(x) = -if;" - (Fx + q(x) -v(x))^(x), x > R, t(j(R)=0. 

So, to prove (A3.1) it is sufficient to show that for some R G M and E G C, imE > 0, 
the difference 

R V (E)-R (E) (A3.2) 

is a compact operator. Here R V (E) = (Hr — E) -1 , Rq{E) = (Hq — E) -1 , H stands 
for the free right half-line operator with the Dirichlet condition as x — R: 

(Hotfj)(x) = -if)" - (q(x) + Fx)ip(x), x > R, tp(R) = 

To calculate (A3. 2) we write the equation 

(H R -E)ij> = f, im£>0 

as a first-order system 

>Y ( l\ fip\ (0 



ip'J ' \v-q-Fx-E 0y \$i) \f) ^ A3 ' 3 ^ 

and apply a variation of parameter-type transformation that brings the system into 
nearly diagonalized form: 

£=!k, E"(x,E) = ^, (A3.4) 

J as 



I as 



where f as (x,E), f* s (x,E) are standard WKB asymptotics corresponding to the 
equation —i/j xx — (q(x) + Fx)ip = Eif;: 

j- /„ tp\ -1/2/ i7i\„i*„..,(a;,S) /■* / m\ -1/2/ tta —i$ a „(x,E) 
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p(x,E) = (Fx-q + E) 1 / 2 , $ as (x,E) = f dsp(s,E), 

Jr 

R is supposed to be sufficiently large. The roots here are defined on the complex 
plane with the cut along negative imaginary semi-axes and is positive for positive 
values of the arguments. 

Applying (A3. 4) to (A3. 3) we arrive at 



H v {E)z = g, g 



f 
2V-/ 



(A3.5) 



H v (E)=H d v (E)+V. 
Here H d (V) stands for the diagonal (anti-diagonal) part of the operator H z 



H" 



P 



d 

dx 



£ 
S* 



i 

-i 



,"„-2 



+ iV<73, V = Va 2 , a 2 

V = Vo+±v, V = -^(F + q') 2 p- 4 + ^q"p- 

We consider 7i v {E) as an operator in L 2 ([R, oo) — > C 2 ) submitted to the bound- 
ary condition: z\{R) + z 2 (R) = 0. We are going to treat the anti-diagonal part V 
as a perturbation. To this purpose, we rewrite (A3. 5) in the form 

z = A v g- B v g + B v Vz, A v = Hf\ B v = A V VA V , 
which leads to the following representation for the resolvent R v : 

R v = pE(A v J-B v J + B v VJl v ), (A3.6) 



where p is the projection of C 2 -vector onto the first component: p 



the operators J, 1Z V (E): L 2 ([-R, oo) — ► C) — *■ L 2 ([-R, oo) 
formulas 



1 
v 
2 ) are given by the 



/ 



R 



>(E)f\ 



jf = -i ' » n v (E)f = e _1 , , 

A-f) y } \£Rv(e)J 

Since pE, J are bounded in order to prove (A3.1) it is sufficient to show that 
A v — Ao, B v , B v V7l v are compact in L 2 . Here Aq corresponds to v — 0: 



Ao 



d 
dx 



£ 
S* 



+ iV a 3 



A 1 A 2 
Q v j3 ). where A J V , are 



Consider the operator A v . It has the form A v = 
integral operators with the kernels 

Al(x,y) = a(x,y)0(x-y), Al(x,y) = -a(y,x)0(y - x), A 2 v {x,y) = t{x)t(y) 

^J^dsip-Vp- 1 ) 



a(x,y) 



^f^dsip-Vp" 1 ) 

/ / \ / \\i/o 1 



t(x) 



/ / \ \ 1 /o 



(A3.7) 
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where O is the Heviside function. Clearly, for \m.E > 0, one has 

\a{x,y)\ < c x -i/4 y -i/4 e -0 imS < a,1/2 - I ' 1/a >, x > y > R, (A3.8) 

\t(x)\ < Cx- 1 / 4 e^ imE ^ 1/2 - Rl/2 \ x>R, (A3.9) 

provided f3 < F~ x ' 2 , R is sufficiently large. This allows us to conclude that A v 
is bounded in L,2([R, oo)) and, moreover, the component A\ is a Hilbert- Schmidt 
operator: 

\\A 2 v \\ L2 ([R,oor)<C. (A3.10) 

Consider the difference a(x, y) — ao(x, y), where ao(x, y) corresponds to v — 0: 



a (x,y) 



e iJyds(p-V p 1 ) 

(p(x)p(y)) 1 / 2 



(A3.ll) 



Due to (1.2) one has 

|a(x,y) -o (x,y)| < |a (x,y)| 



p(s,£?) 



<is 



< ^- 1 / 4 t/- 3 / 4 e-' ?imE ( 3;/ ^ / ), x > y > R, 
which implies that 

ll^-^IU a ([fl,oo)»)<C, j = 1,3. 



(A3.12) 



(A3.13) 



As a consequence of (A3. 10), (A3. 13) we obtain that the whole difference A v — Ao 
belongs to the Hilbert- Schmidt class. 

Consider B v . Its kernel has the form: B v (x, y) = C v (x, y) + T> v (x, y), 



Cl(x,y) C 2 (x,y) 
Cl(x,y) 



C v (x,y) = I ~^»> "vk«,»j j ? v v (x,y) - , ^ 2 



Vl(x,y) 

V$(x,y) 



Cl(x,y) = -it{x)t(y)* x {y), C 2 v (x,y) = -itix^y)^ 1 (R) , 

C*(x,y) = it(x)t(y)V 1 (x), 

v l( x i v) = ~ia(x, y)^ 2 (y), V 2 v (x, y) = -ia(x, y)^ 1 ^), x > y > R, 

Vi(x,y) = Vi(y,x), j = l,2. 



Here 



^\ X ,E): 

$> 2 (x,E) 



e 2i fy dsip-vp- 1 ) 

d v — zj— — — v (y)i 



p(y,E) 

x ^if^dsip-Vp- 1 ) 

r p(y,E) 



v(y). 



Clearly, 



II, Trill 



/AO 1 A\ 
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which together with (A3. 8), (A3. 9) implies that C v , D v are bounded operators from 
Z 2 (Li) to L 2 : 

\\Cv9\\l 2 ([R,oo))^ W^v9\\l 2 ([R,oo)) < C||fi'llz 2 (L 1 )([i?,cx))) 5 (A3. 15) 

provided R is sufficiently large. Here l p {L q ) norms are defined by 

i 

OO \ p 

"■(L.,v[ii.^)) = I ^Z\\f\\ P L q (A n )) > A n = [n + R,n+1 + R]. 

yn=0 J 

Moreover, since t(x), t(x) i S 1 (x) belong to Z 2 (Loo), C v is a compact operator. The 
same is true for C V V1Z V . Indeed, 1Z is a bounded operator from L 2 to / 2 (L 00 ): 

ll^^lb^L^) < C|M|z, 2 ; (A3.16) 

see [16], for example. As a consequence, C V VTZ V is compact in L 2 . 

We next focus on the contribution of T> v in (A3. 6). Consider the functions 
tyi(x, E), j = 1, 2. They admit the representations 

W(x, E) = V J (x, E) + 0(x" 1/2 ), (A3.17) 

where 



^l(x,E)= dy — v(y), 

Jx Po{y) 

f x e~ 2i /" MPo+Ep- 1 ) 

*l(x,E)= dy v(y), 

Jr Po{y) 



Po(x) = p(x, 0). It is not difficult to show that for v G L\(T), 

\^l(x,E)\<Cx- 1/4 , (A3.18) 

see for example, [16], appendix 3. Due to the representation 

*o(x,E) = -® l (x, E) + e 2 ^« Mpo+Ep- 1 )^!^^ ^ 

r x e 2i Iy ^(po+Epq 1 ) 

+2imE dy —- ^l(y,E), 

Jr Po{y,E) 

the same inequality is valid for ^q(x, E): 

\^l(x,E)\<Cx- 1/4 . 
As a consequence, one gets the following estimate for T> v : 

WD v g\\L 2 ([A,oo)) < CA~ 1/4 ||fi'||p(L 1 )([i?,oo)), (A3. 19) 

for any A, A > R. 

It follows directly from the definition of T> v that V v g G W^ , provided g G / 2 (£i) 
and moreover, one has the estimate 

h- 1/2 -^V v g\\p {Ll) < C\\g\\ P{Ll) . (A3.20) 

(A3. 16), (A3. 19), (A3. 20) imply that both V v and V V V1Z V are compact operators 



41 

Acknowledgment. It is a pleasure to thank V.S. Buslaev, J. Sjostrand for helpful 
discussions. 

References. 

1. Ao, P.: Absence of localization in energy space of a Bloch electron driven by a 
constant electric force, Phys Rev. B 41, 3998-4001 (1990). 

2. Asch, J., Duclos, P. and Exner, P.: Stark-Wannier Hamiltonians with pure 
point spectrum, in Differential equations, asymptotic analysis, and mathematical 
physics, Potsdam 1996, pp. 10-25, Math. Res. 100, Akademie Verlag, Berlin, 
1997. 

3. Asch, J., Duclos, P. and Exner, P.: Stability of driven systems with growing 
gaps, quantum rings, and Wannier ladders, J. Statist. Phys. 92, 1053-1070 
(1998). 

4. Asch, J., Duclos, P., Bentosela, F. and Nenciu, G.: On the dynamics of crystal 
electrons, high momentum regime, J. Math. Anal. Appl. 256, 99-114 (2001). 

5. Bentosela, F., Carmona, R., Duclos, P., Simon, B., Souillard, B. and Weder, 
R.: Schrodinger operators with an electric field and random or deterministic 
potentials, Comm. Math. Phys. 88, 387-397 (1983). 

6. Bourgain, J., Schlag, W.: Anderson localization for Schrodinger operators on Z 
with strongly mixing potentials, Comm. Math. Phys. 215, 143-175 (2000). 

7. Buslaev, V.S.: Kronig-Penney electron in homogeneous electric field, Amer. 
Math. Soc. Transl. Ser.2, 189, Amer. Math. Soc, Providence, RI, 1999. 

8. Christ, M. and Kiselev, A.: Absolutely continuous spectrum of Stark operators, 
Ark. Mat. 41, no. 1, 1-33 (2003). 

9. Delyon, F., Simon, B. and Souillard, B.: From power pure point to continuous 
spectrum in disordered systems, Ann. Inst. H. Poincare Phys. Theor. 42, no. 
3, 283-309 (1985). 

10. Exner, P.: The absence of the absolutely continuous spectrum for 6' Wannier- 
Stark ladders, J. Math. Phys, 36(9), 4561-4570 (1995). 

11. Figotin, A., Pastur, L.: Spectra of random and almost periodic operators, 
Springer- Verlag, Berlin, 1992. 

12. Gilbert, D.J, Pearson, D.B: On subordinacy and analysis of the spectrum of 
one-dimensional Schrodinger operators, J. Math. Anal, and Appl. 128, 30-56 

(1987). 

13. Gilbert, D.J: On subordinacy and analysis of the spectrum of Schrodinger oper- 
ators with two singular endpoints, Proc. Royal Soc. Edinburgh, 112A, 213-229 

(1989). 

14. Kiselev, A., Last, Y. and Simon, B.: Modified Priifer and EFGP transforms and 
the spectral analysis of one-dimensional Schrodinger operators, Comm. Math. 
Phys. 194, 1-45 (1998). 

15. Maioli, M. and A.Sacchetti, A.: Absence of the absolutely continuous spectrum 
for Stark-Bloch operators with strongly periodic potentials, J. Phys. A 28, 1101- 



42 

16. Perelman, G.: On the absolutely continuous spectrum of Stark operators, Comm. 
Math. Phys. 234, 359-381 (2003). 

17. Pozharski, A. A.: On operators of Wannier-Stark type with singular potentials, 
St. Petersburg Math. J. 14, no. 1, 119-145 (2003). 

18. Weidmann, J.: Spectral Theory of Ordinary Differential Operators. LNM 1258, 
Springer- Verlag, Berlin, 1987. 



